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Outline of the Lecture 

1. Orthogonal Transforms 

2. Inverse Transforms 

3. The Discreet Fourier Transform (DFT)  

  -  Graphical Derivation 

  -  Mathematical Derivation 

4. Properties and complexity of the DFT 

5. Examples 

6. The Fast Fourier Transform 



3/34 

Orthogonal Transforms 
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Orthogonal Transforms 
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Continuous Fourier Transform 

X x t e dt x t X e dj t j t( ) ( ) ( ) ( )


    









          
1

2
elsewhere 



6/34 

x t x nD( ) ( )   X X kD( ) ( )   









   
i

N

0

1

   


       k k f k
f

N
k

T N

s

s

2 2
2

d
T Ns

 


     
2

t nTs    
sTdt     

DFT  -  Mathematical Derivation 
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DFT  -  Graphical Derivation 
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DFT  -  Graphical Derivation 

T1=MTs must be exactly equal to NTs  M=N 
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DFT  -  Periodic Signals – Discreet spectrum 
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DFT  -  Periodic Signals – Discreet spectrum 
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DFT  -  Properties 
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1. DFT Deals with complex quantities for x(n) and X(k). 

2. DFT is periodic X(k)=X(k+N)    thus X(N)=X(0). 

3. DFT is symmetric |X(k)| = |X(N-k)| 

4. Parsevals’ theorem 

5. Convolution theorem  
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DFT  -  Example 

Signal     x(n)={1,0,0,1}   n=0,1,2,3 
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t=0:31; 

x=sin(2*pi*t/32); 

fx=fft(x); 

 

mfx=fftshift(abs(fx)); 

pfx=fftshift(angle(fx)); 

DFT  -  Example 

x(n)=sin(2πn/32)    n=0,1, …31 

t=0:31;x=sin(2*pi*t/32);fx=fft(x);mfx=fftshift(abs(fx));pfx=fftshift(angle(fx));
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x(n)=sin(2π3n/32)    n=0,1, …31 

DFT  -  Example 
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x(n)=sin(2π8n/32)    n=0,1, …31 

DFT  -  Example 
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x(n)=sin(2πn/32)+0.4sin(6πn/32)    n=0,1, …31 

5 10 15 20 25 30
-2

0

2

time

s
ig

n
a

l 
a

p
m

li
tu

d
e

5 10 15 20 25 30
0

10

20

frequency

H
a
rm

o
n

ic
s 

a
p

m
li
tu

d
e

5 10 15 20 25 30
-4

-2

0

2

4

frequency

p
h
a

s
e

DFT  -  Example 
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x(n)=sin(2π4.25n/32)    n=0,1, …31 

Spectral leakage 
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DFT Example -  Long Pulse 
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DFT Example -  Short Pulse 
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2D - DFT Example -  Large Square 

image Spectral amplitude 
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2D   -   DFT Example -  Large Square 

Spectral amplitude image 

Spectral phase 
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Spectral amplitude image 

Spectral phase 

2D - DFT   The importance of phase 
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The importance of phase 
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Images 
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Spectrum of images – amplitude and phase 
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Image reconstruction from amplitude and phase 

Amplitude of Vassilis 

Phase of Topio 

Amplitude of Topio 

Phase of Vassilis 

Do not change phase relationships between harmonics 
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x=randn(1,1024) 
0 200 400 600 800 1000 1200

-4

-2

0

2

4

time

s
ig

n
a

l 
a

p
m

li
tu

d
e

0 200 400 600 800 1000 1200
0

50

100

frequency

H
a
rm

o
n

ic
s 

a
p

m
li
tu

d
e

-3 -2 -1 0 1 2 3
0

50

100

150

200

250

White Gaussian Noise – Pdf and Spectrum 
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DFT computational load   -  The FFT 
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Evaluation of the terms 

N2 multiplications and N(N-1) additions 

Fast Fourier Transform (FFT) (Cooley and Tukey  -  1965) 

•The operations are reduced by segmenting the 

summation in smaller parts. 

•The term                is evaluated only once. 
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Basic Concept of FFT 
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Example – FFT of 8 points 

 

a 

x (0) x (0)+ax(4) 

x (4) x (0)-ax(4) 
Number of points  power of 2 
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Simplified evaluation of the 8 harmonics 
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Do not drink  

too much coffee 

Back on Monday 

The END 


